We present an a posteriori error analysis for the discontinuous Galerkin discretization error of first-order linear symmetrizable hyperbolic systems of partial differential equations with smooth solutions. We perform a local error analysis by writing the local error as a series and showing that its leading term can be expressed as a linear combination of Legendre polynomials of degree p and p + 1. We apply these asymptotic results to show that projections of the error are pointwise O(h p+2 )-superconvergent. We solve relatively small local problems to compute efficient and asymptotically exact estimates of the finite element error. We present computational results for several linear hyperbolic systems in acoustics and electromagnetism.
Introduction
In this paper, we develop an a posteriori error estimation for the discontinuous Galerkin method applied to linear symmetrizable hyperbolic systems. First-order hyperbolic systems arise in many areas of continuum physics when fundamental balance laws are formulated (such as the conservation of mass, momentum, or energy) and if other small-scale, dissipative mechanisms can be neglected. Many of these systems are symmetrizable, such as Maxwell's equations of electromagnetism, the wave equation, and the two-dimensional Euler equation modeling gas dynamics. While linear symmetrizable systems can be symmetrized with little effort, symmetrization of nonlinear symmetrizable systems such as the two-dimensional Euler equations can be expensive, in which case it is advantageous to avoid symmetrization and discretize the original symmetrizable system.
The discontinuous Galerkin (DG) finite element method was first used to solve the neutron equation [25] and ordinary differential equations [24] . Cockburn and Shu [17, 18, 19] introduced the Runge-Kutta Discontinuous Galerkin (RKDG) method to solve first-order hyperbolic systems. The solution space of DG methods consists of piecewise continuous polynomial functions. As such, it can sharply capture discontinuities in the solution. They are also locally conservative, and can handle problems with complex geometries to high order. They have a simple communication pattern between elements with a common face, which is useful for parallel computation and adaptive methods, since it is easy to construct locally refined meshes with hanging nodes. Furthermore, they exhibit strong superconvergence that can be used to estimate the discretization error.
A posteriori error estimates are used to verify solutions, guide adaptive algorithms, and stop the refinement process. An ideal estimate is (i) asymptotically exact in the sense that the error estimate in some norm approaches zero under mesh refinement at the same rate as the actual error and (ii) computationally efficient by requiring a small fraction of the solution cost. Several a posteriori DG error estimates are known for hyperbolic problems [15, 16, 21, 23] . Adjerid et al. [5] developed the first asymptotically correct a posteriori DG error estimates for onedimensional linear and nonlinear hyperbolic problems. Later, Adjerid and Massey [6, 7] showed how to construct accurate error estimates for multi-dimensional scalar problems on rectangular meshes. They showed that the leading term of the DG error is spanned by two (p + 1)-degree Radau polynomials in the x and y directions, respectively. Krivodonova and Flaherty [22] showed that the leading term of the local discretization error on triangles having one outflow edge is spanned by a suboptimal set of orthogonal polynomials of degree p and p+1. They computed DG error estimates by solving local problems involving numerical fluxes, thus requiring information from neighboring inflow elements. Adjerid and Baccouch [2, 4] investigated DG methods on structured and unstructured triangular meshes with several finite element spaces to discover new superconvergence properties and compute efficient and accurate error estimates. Cheng and Shu [12, 13, 14] investigated the superconvergence of discontinuous solutions for hyperbolic and convection-diffusion problems. They observed that p-degree DG [12] and LDG [13] solutions stay O(h p+2 ) superconvergent in the L 2 norm towards a particular projection of the exact solution for linear and nonlinear problems. In [14] they presented a general superconvergence theory for one-dimensional linear hyperbolic and convection-diffusion problems where they proved that the difference between the discontinuous solution and a particular projection of the exact solution is O(h p+3/2 ) and grows most linearly with time. Such superconvergence results explain the observed long-time accuracy of discontinuous solutions and are an essential ingredient in proving the asymptotic exactness of a posteriori DG error estimates [3] .
In [8, 9] , we developed a residual-based a posteriori error estimation for the discontinuous Galerkin method for linear symmetric hyperbolic systems. In this paper, we extend this work and develop an a posteriori error estimation for linear symmetrizable hyperbolic systems. In our analysis, we symmetrize both the hyperbolic system and its DG formulation and apply the results of [8] to the resulting symmetric system. The a posteriori error estimation procedure for symmetrizable systems is different from that for symmetric systems since the range and the null space are generally skew for symmetrizable matrices, whereas they are orthogonal for symmetric matrices; thus, we have to be careful to distinguish between the null space orthogonal and the range of these matrices. The main differences from the symmetric case can be summarized in the following points: (i) pointwise superconvergence can be observed only in the projection of the error onto d i=1 R((A s i i ) t ), s i = +, −, (ii) the error estimate is obtained by splitting the leading term of the discretization error applying skew projections into the range and null space of the flux matrices, (iii) the Drazin inverse is used to define the skew projection operators, and (iv) the test function spaces for the error estimation procedure are now based on the range and null spaces of the transpose of each flux matrix which leads Licensed to AMS.
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to Petrov-Galerkin problems for the error estimates. Computational results suggest that our a posteriori error estimates stay good for a relatively long time.
This manuscript is organized as follows: in §2 we state the problem and present the weak DG formulation for symmetrizable hyperbolic systems. In §3 we present a local error analysis for first-order multi-dimensional hyperbolic systems. We discuss our a posteriori error estimation procedure in §4. In §5 we validate our theory by presenting computational results for several problems in two-and three-dimensions. We conclude with a few remarks in §6.
Problem formulation
Let d be the space dimension, x = (x 1 , . . . , x d ) t the space variable defined on a domain Ω = (0, 1) d ∈ R d , and t the time variable defined on [0, T ].
Let u : [0, T ] × Ω → R m be the true solution of the linear symmetrizable hyperbolic system
such that there is a symmetric positive definite matrix S 0 for which the matrices
are symmetric. Further, assume that u satisfies the following initial and boundary conditions
where ∂Ω denotes the boundary of Ω and ν denotes the unit outward normal on ∂Ω.
We call a real matrix M symmetrizable, if and only there is a symmetric positive definite matrix S such that SM is symmetric. By [11] , M ∈ R m×m is symmetrizable, if and only if it is diagonalizable over the reals, i.e.,
We define
where sgn(x), x ∈ R denotes the standard signum function.
Let R(M) and N (M) denote the range and null space of M, respectively. Using basic linear algebra, we prove that these matrices satisfy the following properties summarized in a lemma.
We select g, the initial conditions u 0 and the boundary conditions u B such that u(t, x) lies in the space
Now, let us partition the domain Ω = (0, 1) d into a uniform mesh T h consisting of N d square elements of size h = N −1 defined as
Let P p , p ≥ 0, denote the polynomials in x ∈ R d with coefficients in R m of total degree at most p + 1 and of degree at most p in each space variable x 1 , . . . , x d , that is
Here, we use the finite element space
The weak formulation of (2.1a) is obtained by multiplying (2.1a) by a test function v, integrating over an arbitrary element ω ∈ T h , and applying Green's identity to write (2.6)
where ∂ω denotes the boundary of ω and ν its outward unit normal.
Since V h p allows discontinuities across element boundaries ∂ω of any element ω ∈ T h , we define the traces of u h ∈ V h p on ∂ω as
where ν denotes the unit outward normal on the boundary ∂ω. We will write u h = u + h whenever there is no confusion. Applying the Steger-Warming numerical flux, [27] ,
DISCONTINUOUS GALERKIN ERROR ESTIMATION 1339
we complete the definition of the discontinuous Galerkin method which consists of finding u h ∈ V h p such that
This yields a system of ODEs which is integrated by the embedded Dormand-Prince method [20] with the temporal discretization error kept much smaller than the spatial error. However, for the purpose of analyzing the behavior of the spatial discretization error, we assume exact time integration.
In the remainder of this section, we define approximations of the initial and boundary conditions u 0 and u B by functions in V h p so the approximation errors for the initial and boundary conditions have a similar behavior as the discontinuous Galerkin discretization error.
For simplicity, we only consider the approximation on the element ω = (0, h) d . Let Δ = (0, 1) d denote the reference element and let Γ denote its boundary.
For ω = (0, h) d with boundary ∂ω, there is an affine transformation x : Δ → ω,
Let L p (ξ) denote the Legendre polynomial of degree p, as defined in [1] , shifted to [0, 1]. It is well known that L p (ξ) is orthogonal to all polynomials of degree not exceeding p − 1 and satisfies
where δ pq is the Kronecker delta, which is equal to 1 if p = q and 0 otherwise. In order to obtain an error in the initial and boundary conditions consistent with the DG discretization error we define the operators π and π s i , s = +, −, 1 ≤ i ≤ d, respectively, to approximate the initial conditions on ω = (0, h) d and the boundary conditions on γ s i ∩ ∂Ω. Let Π denote the L 2 projection on ω: [L 2 (ω)] m → P p and let Π s i denote the L 2 projection on the boundary γ s i :
Adjerid and Weinhart [9] showed that when the initial condition is approximated by the L 2 projection Πu 0 , both superconvergence and effectivity indices are polluted near t = 0 and all results in this manuscript are recovered at t = O (1) . Similarly, when the boundary conditions are approximated by the L 2 projection Π s i u B , the superconvergence is polluted on elements near the boundary.
In order to reduce these pollution effects, we approximate the initial and boundary conditions such that the leading error terms are similar to those of the DG error. Such operators are given below as π for the initial condition and π s i for the boundary conditions:
In our analysis we will need the following lemma proved in [8] and we include it here for the sake of completeness and clarity.
and a p+1 denotes the coefficient of ξ p+1 in L p+1 (ξ).
Proof. The proof is given in [8] .
Local error analysis
In this section we perform a local error analysis on one element ω = (0, h) d by writing the local error as a Maclaurin series and showing that its leading term can be expressed as a linear combination of Legendre polynomials of degree p and p + 1. For special hyperbolic systems where the coefficient matrices are nonsingular we show that the leading term of the error is spanned by (p + 1)-degree Radau polynomials.
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Thus, let u h ∈ P p satisfy the local DG formulation on ω = (0, h) d ,
subject to the initial and boundary conditions
where u = u B on the boundary of Ω.
Next, we will show that there is a symmetric system equivalent to (2.1) and that the corresponding DG formulation, as developed in [8] , is equivalent to (3.1). Then we apply the results of [8] to the symmetric system.
Since S 0 is symmetric positive definite, it admits a Cholesky factorization
where R is a positive definite matrix. We define the auxiliary matrix
The following properties, which can be shown using basic linear algebra, will be needed in our error analysis. Lemma 3.1. Let R and B i , 1 ≤ i ≤ d, be as defined in (3.2) . Then B i is symmetric and
Furthermore, the following holds for
In the remainder of this section we show how to symmetrize the hyperbolic system and its weak DG formulation.
First, we left-multiply (2.1) by R, substitute U = Ru, and use (3.3) to obtain the symmetric system
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Left-multiplying (3.1b-c) by R, substituting U = Ru, and using (3.3) yields the initial and boundary conditions
Next, we show that the initial and boundary conditions U h (0, x) and U − h (t, x), respectively, may be expressed as approximations of U(0, x) = Ru 0 (x) and
For v ∈ [L 2 (ω)] m , we define the approximation operator
Proof. By the definition ofπ(Rv) in (3.8) and the definition ofc i in (2.12), we get
11)
DISCONTINUOUS GALERKIN ERROR ESTIMATION
where we used (3.3) and the fact that the L 2 projection is commutable with any finite-dimensional linear operator.
The proof of (3.10b) follows the same reasoning and is therefore omitted.
Substituting (3.10) and (3.5b-c) into (3.7) yields
Therefore, U = Ru satisfies the symmetric system (3.5), while U h = Ru h satisfies the DG formulation (3.6) and (3.12) . In the following section we apply the results established in [8] to U and U h .
3.1. Asymptotic behavior of the local discretization error. Now, we are ready to state a theorem for the local discretization error e = u − u h . Theorem 3.3. Let u ∈ C p+2 and u h ∈ P p , respectively, be the solutions of (2.1) and (3.1). Then the local finite element error on ω, at t = O(1) and p ≥ 1, can be written as
where denotes the direct sum.
Proof. U = Ru satisfies the symmetric system (3.5), while U h = Ru h satisfies the DG formulation (3.6) and (3.12). Since u ∈ C p+2 and u h ∈ P p , we have U = Ru ∈ C p+2 and U h = Ru h ∈ P p . By Lemma 3.1, B i is symmetric for 1 ≤ i ≤ d. Thus, U and U h satisfy the conditions of Theorem 3.6 in [8] . Therefore, for p ≥ 1 and t = O(1),
We obtain (3.13) by left-multiplying (3.14) by R −1 and substituting u = R −1 U,
In order for the DG solution u h to be O(h p+2 )-superconvergent at any point in ω, the leading error term shown in Theorem 3.3 has to be zero at this point. This pointwise superconvergence happens for nonsymmetric systems that satisfy the assumptions of the following theorem.
Since for nonsymmetric matrices,
, the superconvergence results stated in the following theorem are different from those in [8] .
is a unit vector with respect to the C ∞ norm, then, at a = hξ s k , we have the superconvergence of the following error averages:
Proof. We will prove (3.15) for the case
Thus, assume that there exists a unit vector
Left pre-multiplying e in (3.13a) by z t and evaluating the resulting function at the
By the property (2.3b) and (3.13c) we have
Following the same line of reasoning we establish (3.15) for all other cases. The proof of (3.16) and (3.17) can be found in [9] for symmetric systems and d = 2 and is therefore omitted.
A Posteriori error estimation
Here we present an a posteriori error estimation procedure for symmetrizable systems using projections onto the range and null spaces of the coefficient matrices A i , 1 ≤ i ≤ d to split the DG error into two parts as explained below.
Let us consider a symmetrizable matrix M with real eigenpairs (λ j , p j ), j = 1, . . . , m such that λ j = 0, j = 1, . . . , r and λ r+1 = · · · = λ m = 0. Thus, R(M ) = span(p 1 , . . . , p r ) and N (M ) = span(p r+1 , . . . , p m ). Thus, every v ∈ R m can be written as
Thus, for each matrix M = A i we have the following projections:
From the definition of the Drazin inverse for symmetrizable matrices we have
In the following lemma we show that the projections P R i and P N i corresponding to a symmetrizable matrix A i can be expressed in terms of the Drazin inverse A D i .
The proof is established by direct verification.
In the next lemma we show that the leading term of the discretization error may be split into two components. 1), the leading term of the spatial discretization error can be split into two parts as
Proof. Under the assumptions of Theorem 3.3, the local discretization error for the DG method on ω = (0, h) d , for p > 1 and t = O(1), can be written as
Applying Lemma 4.1 to (4.6) yields (4.5).
We note that if all matrices
Next, we show that there is an equivalent splitting for the symmetrized system (3.5). 
Then, the leading term of the spatial discretization error for the symmetrized systems (3.5) and (3.6) can be split into two parts as
Proof. First, we left-multiply (4.5a-c) by R and substitute U = Ru,
Finally, combining (4.5d) and Lemma 3.1 leads to (4.7d).
Next, we describe an a posteriori error estimation procedure for estimating both e R and e N (when needed). We prove that, for smooth solutions, our local error estimates converge to the true error under mesh refinement. Up to this point we are not able to prove the asymptotic exactness of our global a posteriori error estimates. However, computational results for several hyperbolic systems shown in §5 suggest that our global a posteriori error estimates are asymptotically exact for smooth solutions.
Since the range and null space are not orthogonal for nonsymmetric matrices, we need to define test function spaces for the error estimation that are different from the solution space. Thus, we solve local Petrov-Galerkin problems in order to compute error estimates. 4.1. The stationary error estimate. The stationary a posteriori error estimation procedure for computing estimates for e R consists of determining (4.8a)
Substituting (4.8a) into (4.9) and applying the orthogonality properties (2.11), we obtain
Using (2.11) we further reduce (4.10a), obtaining
Next, we show that this stationary error estimate is asymptotically exact under mesh refinement. 10b) . Then, for p ≥ 1 and t = O(1),
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Proof. Left-multiplying (4.8a) by R and substitutingẼ
where we used (3.4b) and the fact that
where we used (3.4d) and the fact that v ∈ R(A t i ). Since system (4.15) satisfies Theorem 4.1 in [8] , we obtain, for p ≥ 1 and t = O(1),
Left-multiplying 
We split the error at t = 0 into e = e R + e N + O(h p+2 ) as in (4.5a) and define E N (0, x) by
where P N ic i (0) is the projection ofc i (0) into N (A i ). On the boundary, we define E − by the leading term of (4.18), Then we define the error estimate for e N by determining the coefficients of (4.21a)
where E R equals the stationary component defined by (4.8) and
Thus, by Lemma 4.1 and (4.4),
By (2.3c), P N i (ν i A i ) − = 0, thus (4.22) can be written as For m = p + 1, we use the orthogonality properties (2.11) to reduce (4.23a) to
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For m = p, similarly we get
subject to the initial conditions 
are solutions of (4.25) and (4.23b). Then, at t = O(1) and for p ≥ 1,
Proof. Left-multiplying (4.21a) by R and substitutingẼ
where we used (3.4a) and the fact that
where we used (3.4c) and the fact that v ∈ E p .
Since system (4.28) satisfies Theorem 4.3 in [8] , we obtain, for p ≥ 1 and t = O(1),
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Left-multiplying (4.29) with R −1 and substitutingẼ N = R −1 e N andẼ N = R −1 e N yields (4.27).
Computational examples
In Section 4, we showed asymptotic exactness of our a posteriori error estimates for a local DG formulation. We will now present computational results for several symmetrizable systems that suggest that our a posteriori error estimates are globally asymptotically exact for smooth solutions.
The accuracy of a posteriori error estimates is measured by the global effectivity index with respect to the L 2 norm
We also need the componentwise L 2 -error,
and the componentwise effectivity index,
where E = (E 1 , . . . , E m ) t and e = (e 1 , . . . , e m ) t . Ideally, the transient global effectivity indices should approach unity under mesh refinement.
Example 5.1. Let us consider the two-dimensional hyperbolic system
and select g(t, x, y), initial and boundary conditions such that the true solution is
Note that the system (5.4) is equivalent to the symmetric system for U = Ru
A discussion of the symmetric system (5.5) can be found in [9] .
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Basic linear algebra yields
Applying Theorem 3.4, we expect O(h p+2 ) pointwise superconvergence of the error projections e 3 = (0, 0, 1) t e, and e 1 + e 2 = (1, 1, 0) t e at Radau points.
We solve (5.4) on uniform meshes having 20 2 , 40 2 , 60 2 , 80 2 elements for p = 1, 2, 3. Tables 5.1 and 5.2 present the maximum projected errors for |e 3 | at shifted Radau points (ξ + i , ξ + j ) and |e 1 + e 2 | at shifted Radau points (ξ + i , ξ − j ) at t = 1, respectively. We observe that the error projections are O(h p+2 ) superconvergent at Radau points, which is in agreement with Theorem 3.4. We present the componentwise L 2 -errors and effectivity indices corresponding to the stationary error estimate E R at t = 1 in Table 5 .3. In Table 5 .4, we present the L 2 -errors and global effectivity indices for the transient error estimate E R + E N at t = 1. We plot the transient global effectivity indices versus time in Figure 5 and H(t, x) = (H 1 , H 2 , H 3 ) t denote the electric and magnetic field and μ 0 = 4π · 10 −7 NA −2 and ε 0 = c −2 0 μ −1 0 denote the magnetic and electric permittivity in free space, respectively, with c 0 = 299, 792, 458 ms −2 being the speed of light. Equations (5.7b) are satisfied for all t, if the initial conditions satisfy them.
For a transverse electric wave traveling in the x 1 x 2 -plane, E 3 = H 1 = H 2 = 0, and equation (5.7a) yields the linear symmetrizable hyperbolic system
We select initial and boundary conditions such that the true solution is a typical FM radio wave of wavelength λ = 3m and amplitude A = 1.5V/m traveling in the direction (x 1 , x 2 ) = (1, 1),
Applying Theorem 4.4, the stationary error estimate E R can only accurately approximate the component of the error lying in (N (A 1 ) N (A 2 )) ⊥ = span{(0, 0, 1) t }, i.e., only E R 3 is an accurate estimate of e 3 . To validate our theory for short and long time integration, we solve (5.8) on uniform meshes having N = 10 2 , 20 2 , 40 2 elements for p = 1, 2, 3 on 0 ≤ t ≤ 3·10 −8 s and 0 ≤ t ≤ 6 · 10 −7 s, respectively, where the wave travels through the domain three and 60 times. We present the componentwise L 2 -errors and effectivity indices corresponding to the stationary error estimate E R at t = 6 · 10 −7 in Table 5 .5. In Table 5 .6, we present L 2 -errors and global effectivity indices for the transient error estimate E R + E N at t = 6 · 10 −7 . We plot the transient global effectivity indices versus time for 0 ≤ t ≤ 3 · 10 −8 in Figure 5 .2 and for 0 ≤ t ≤ 6 · 10 −7 in Figure  5 .3. In Figure 5 .4, we plot the L 2 -errors e 2,Ω and E R + E N 2,Ω versus time for N = 40.
We observe that E R is an accurate approximation of the error only in the third component, which is in agreement with Theorem 4.4. Furthermore, the transient global effectivity indices converge to unity under mesh refinement and stay close to unity at all times, which is in agreement with Theorem 4.5. In Figures 5.2-5 .4, we observe an oscillation of the L 2 -error and the transient global effectivity index that decays in time. We further observe that the transient global effectivity index converges to unity under mesh refinement and with increasing time for both short and long times. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 
where ρ is the density, v the velocity field, ρ 0 = 1.2 kg/m 3 the reference density, and c 0 = 340 m/s the speed of sound. In two dimensions, system (5.9) can be written in symmetrizable hyperbolic form as
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i.e., only E R 1 is an accurate estimate of e 1 . We solve (5.10) on uniform meshes having N = 10 2 , 20 2 , 40 2 elements for p = 1, 2, 3 on 0 ≤ t ≤ 1 where the wave travels through the domain 38 times. We present the componentwise L 2 -errors and effectivity indices corresponding to the stationary error estimate E R at t = 1 in Table 5 .7. In Table 5 .8, we present the L 2 -errors and global effectivity indices for the transient error estimate E R + E N at t = 1. We plot the transient global effectivity indices versus time on a short time interval in Figure 5 .5 and for a long time interval in Figure 5 .6. In Figure 5 .7, we plot the L 2 -errors e 2,Ω and E R + E N 2,Ω . We observe that E R is an accurate approximation of the third component of true error, which is in agreement with Theorem 4.4 while the transient error estimate E R +E N accurately approximates the error in all components with transient global effectivity indices converging to unity under mesh refinement. This is in agreement with Theorem 4.5. In Figures 5.5-5.7, we observe an oscillation of the L 2 -error and the transient global effectivity index that decays in time. We observe that the transient global effectivity index converges to unity under both mesh refinement and increasing time.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 
We select initial and boundary conditions such that the true solution is
Applying our theory, the stationary error estimate E R can only accurately approximate the first component of the error, i.e., only E R 1 is an accurate estimate of e 1 . We solve (5.11) on uniform meshes having N = 10 3 , 15 3 , 20 3 elements for p = 1, 2, 3 on 0 ≤ t ≤ 10 −2 . We present the componentwise L 2 -errors and effectivity indices corresponding to the stationary error estimate E R at t = 10 −2 in Tables 5.9 and 5.10. In Tables 5.11 We observe that E R is an accurate approximation of the third component of the true error, which is in agreement with Theorem 4.4. However, the transient error estimate E R + E N accurately approximates all components of the true error with global effectivity indices staying close to unity at all times and converging to unity under mesh refinement which is in full agreement with the theory. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 
Conclusions
In this paper, we investigated the DG method for linear symmetrizable hyperbolic systems with the enriched polynomial space P p , P p ⊂ P p ⊂ P p+1 , and modified L 2 -projections to approximate the initial and boundary conditions. For analysis, we symmetrized both the given system and its discretization and showed that the results of [8] can be applied to the resulting symmetric system. Thus, we showed that, for a local problem, the leading term of the discretization error lies in a polynomial subspace spanned by a linear combination of Legendre polynomials of order p and p + 1. We also established that a projection of the DG error into d i=1 R((A s i i ) t ), s i = +, −, is O(h p+2 ) superconvergent at Radau points.
We further constructed efficient and asymptotically exact implicit residual-based a posteriori error estimates where we split the leading term of the discretization error into two parts and estimated each part separately by solving a relatively small system of equations based on the local residual of the PDE. For systems with invertible coefficient matrices, the error estimates are obtained by solving a stationary problem, while, for general systems, part of the error is computed by solving a local transient system of equations. In contrast to the symmetric case, the splitting is not orthogonal, and the test function spaces for the error estimation are now based on the range, respectively, null space, of the transpose of each flux matrix, thus we have to solve local Petrov-Galerkin problems to compute an error estimate. We applied the results of [8] on the asymptotic behavior of the DG error for symmetric systems to establish asymptotic correctness of the error estimates for symmetrized systems having smooth solutions. Finally, we presented computational results for several linear systems such as Maxwell's equations and the acoustic problem in two and three space dimensions.
We note that, at this point in time, we are not able to prove the asymptotic exactness of our global a posteriori error estimates for hyperbolic systems. However, computational results suggest that the global a posteriori error estimates are asymptotically exact for smooth solutions. Guided by the error analysis for the one-dimensional kinematic wave equation [3] , we plan to prove the convergence of the global error estimate in the near future. Several other challenges such as nonlinear hyperbolic systems, other numerical fluxes and unstructured meshes remain to be addressed. Currently, we are investigating the behavior of DG errors when Lax-Friedrichs flux [10] is applied.
